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1 Matrix algebra Notes from a student Modern Control (EN0311)

1 DMatrix algebra

1.1 Basic definitions
1.1.1 Order

Definition

An m x n matrix has m rows and n columns. The matrix has order r x ¢ (german: Héhe mal
Breite).

Example
1 8
A=1|7 2
3 4
Matrix A has order 3 x 2.
1.1.2 Elements
11 Q2 - Aip
A Q21 Q22 -+ Ay
Am1 Am2 **° Amn

Matrix A has order m x n. a;; represents the element in the ¢th row and jth column.

1.2 Addition, subtraction scalar- and matrix multiplication
1.2.1 Addition and subtraction

Definitions and properties

e Two matrices can be added or subtracted if they have the same order.

e Their sum or difference is found by adding or subtracting corresponding ele-
ments.

Matrix addition is commutative: A+ B=B+ A

Matrix addition is associative: A+ (B+C)=(A+ B)+C

Matrix addition is distributive (see 1.2.2): k(A + B) = kA + kB , k scalar
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1 Matrix algebra Notes from a student Modern Control (EN0311)

Example(s)

15 —2 120
A:(?) 1 1>andB:(1 1 4)

(141 542 =240\ (1 7 -2\
A+B_(3+1 1+1 1+4)_<2 2 5)_B+A

1.2.2 Scalar multiplications

11 Q2 - Aip kann  kaip - kai,

. G21 A2 - dgp kasi  kax --- kag,

if A= ) . .| then kA = ) , ) . , k scalar
Am1 Am2 - Amn kami kapo -+ kG,

1.2.3 Matrix multiplications

Definition and properties

If Ais m xn and B is r X s the product of AB can only be formed if n = r. The
product is then a m x s matrix.

If Ais a m X p matrix and B is a p X n matrix then the product C' = AB is defined as
the m x n matrix with elements:

p
Cij = E aikbkja 2:1,2,,m, j:1,2,...,77,
k=1

Or you can say: To find ¢;; you take the ith row of A and pair its elements with the jth
column of B. The paired elements are multiplied together and added to form c;;.

(' = AB — B has been premultiplied by A, or alternatively A has been postmultiplied
by B.

In general AB # BA and so matrix multiplication is not commutative.

Matrix multiplication is associative and so: (AB)C = A(BC).

Example(s)

b o
A= d :(3><2)and3:(” 77 i):(zle)

k m

O 2

~~
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1 Matrix algebra Notes from a student Modern Control (EN0311)

Reminder: To find ¢;; you take the ith row of A and pair its elements with the jth column of
B. The paired elements are multiplied together and added to form c;;.

ci1=ag+bk co=a+b cz3=a+bm ciu=aj+bn
C=|lca=cog+dk cono=ci+d co3=ci+dn cy=cj+dn| =3x4
czr=eg+ fh cpp=el + [l cyz=ei+ fm cu=ej+ fn

What happens when there are more than two multiplicands?

X =ABC

1. Calculate the product U = BC'.

2. Calculate the product X = AU.

1.3 The transpose of a matrix
1.3.1 Definition and properties
If A is an arbitrary m x n matrix, a related matrix is the transpose of A, written A”. The

transpose AT is found by interchanging the rows and columns of A. AT is an n x m
matrix.

1.3.2 Example(s)

41
m{fzgﬁﬂzzs
6 7
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1.4 Special square matrices
1.4.1 Square matrices
Definition

A matrix which has the same number of rows as columns is called square matrix.

Example(s)
a1; a2 Qi3

A= a91 Qo2 Q93 =3X3=mxm
31 @32 0433

1.4.2 Diagonal matrices

Definition

A square matrix which has elements that are zero everywhere exept of the leading diag-
onal is called a diagonal matrix.

Example(s)

Matrices A and B are diagonal matrices.

s
I
oo~
ok o

1.4.3 Identity matrices

Definition and property

Diagonal matrices which have only ones on their leading diagonal are called a identity
matrices and are denoted by the letter I.

If A is a square matrix then /A = A

Example(s)

Matrices A and B are identity matrices.
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1 Matrix algebra Notes from a student Modern Control (EN0311)

o
I
oo~
o~ o

0

10
0| B= ( )
1 0 1
1.4.4 Symmetric matrices

Definition and property

If a square matrix A and its transpose ATare identical, then A is said to be a symmetric
matrix.

A symmetric matrix is symmetrical about its leading diagonal

Example(s)
5 —4 2 —4 2 5 —4 2
A=|—-4 6 9| =1|_4 g | —-AT=[-4 6 9|=A4
2 9 13 5 o 2 9 13

1.5 Determinants, Minor and Cofactor
1.5.1 Definition and properties

The determinant of a square n x n matrix A is denoted by det(A) or |A|. If we take a
determinant and delete row ¢ and column j then the determinant remaining is called minor
M;j of the element a;;. In general we can take any row ¢ (or column j) and evaluate an n x n
determinant |A| as:

n

Al =) (=1 ay; M

j=1 )
sign minor

With cofactor A;; = (—1)"*7M;; (appropriate sign x minor):

n

Al =" ai;A;

j=1
o AT =4

o |AB|=[A[|B]

o |k| =k, k scalar
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e A square matrix A is said to be non-singular if |A| # 0 and singular if |[A| = 0.

e If there is a linear combination (rows or columns) in the matrix then the determinant of
the matrix is always zero.

e If the elements in the upper or lower triangle of the matrix are all zero then the determi-
nant of the matrix is the product of the elements on the leading diagonal.

(—1)" can be depicted as:

too (1) (1P (1!
— = | e
T e N A A

The determinant of 2 X 2 matrix is calculated as follows:

a b a b
. d’—det(c d)—ad—bc

1.5.2 Example(s)

Expansion along the first row — i =1

2 —1 4 aip Qi Qi3
A= 4 0 5 = o1 Q22 Q23
—6 2 3 a3y Q32 ass

2 -1 4

Al =det(4)=|4 0 5

-6 2 3

Withi=1and n = 3:

3

Al = " qq M
Al Z_:( ) any My,
j=1 sign minor
= (=1)%a1, My, + (=1)3a1sMys + (—1)*a13M3
= ay; My — ayp Mis+ arz Mg
—— —— —

2 -1 4

The minor of ay; = 2 is:
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1 Matrix algebra Notes from a student Modern Control (EN0311)

Z2 =1 4 0 5
My=|4 0 5:’2 3':(O><3)—(5><2):—10
—6 2 3
The minor of a1, = —1 is:
N
Mo=1|4 @ 5:‘_6 3‘:(4><3)—(5><—6):42
—6 2 3
The minor of a;3 = —1 is:
Mlgz‘_% (2)’:(4><2)—(O><—6):8

All together:

|A| =2 x (—10) — (—1) x 42+ 4 x 8
= —20+42 + 32
=54

Linear combination

The first two rows are a linear combination, row 1 multiplied by 2 is row 2. Therefore the
determinant is zero!

W N =
IS N}
O N =
I
(@]

All elements in the lower/upper triangle are zero

The determinant is the product of the leading diagonal.

1 0 0 0
2 4 0 0
5 8 9 0 =1x4x9x(-1)=-36
20 -4 3 —1
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8
6
] =1x4x9x(-1)=-36

OO0 O M
O O R
RIS I )

—1

1.6 Adjoint

1.6.1 Definition and properties

The adjoint of a square matrix A is the transpose of the matrix of cofactors, so for a 3 x 3
matrix A:

An A A
adj(A) = | Axy Az A
Azt Asp Asg
Reminder: Cofactor A;; = (—1)"*7M;; (appropriate sign X minor).
o A(adjA) = |A|T
e adj(AB) = (adj B)(adj A)

1.6.2 Example(s)

1 -2 0 a1 aiz a3
A= 3 1 5 = 21 A929 A23
-1 2 3 a3 asp a3z

Cofactors for the first row:
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Ay = (=) My = My,

1 5
‘2 3‘_1><3—5><2
-7
A = (—1)1+2M12 = — M
3 5
—‘_1 3' =—-Bx3-5x(-1))
—14
Az = (1) M3 = M3
3 1
’_1 2‘—3><2—1><(—1)

Cofactors for the second row:

7

A21 = (_1)2+1M21 = _M21

:—'_22 g‘ = —(—2x3-0x2)
=6
Az = (=1)*May = My,
:'_11 g‘zlx?)—()x—l
=3
Agy = (—1)*" My = — Mo

Cofactors for the third row:

2006,/2007
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Az = (—1)*T My, = My,

-2 0
_‘1 5’_(—2)><5—0><1
= —-10
A32 = (_1)3+2M32 = —M32
1 0
__’3 5‘_—(1><5—0><3))
— 5
Asz = (=1)* Myz = My,
1 -2
_‘3 1‘_1><1—(—2)><3
=7
Ay A A\ 7 14 7\" 7 6 —10
adJ(A) = A21 A22 A23 = 6 3 0 = —14 3 -5
Asg1 Asy Ass -10 -5 7 T 0 7

1.7 Inverse matrices
1.7.1 Definition and properties

The inverse of a matrix A is given by:

4o adi(4)  adi(4)
det(A) —  |A]

e If A is non-singular (i.e. |A| # 0) the inverse of A exists.

e If A is singular (i.e. |A| = 0) the inverse of A does not exist.
o (AB)"'=B"1A"!

1.8 Eigenvalue

1.8.1 Definition and properties

Given a square matrix A, its eigenvalues are the roots of the following polynomial (charac-
teristic equation). These are the values of A for which AX = AX has no-trivial solutions.

p(A) = det(A] — A)
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2 Linear equations Notes from a student Modern Control (EN0311)

e The denominator of the transfer function of a system is equal to the characteristic
equation p(\) = det(Al — A).Therefore the poles of a transfer function are equal to the
eigenvalues of the matrix A.

1.8.2 Example(s)

w-pr-a-p)-(4 )
16 9-C I )

=A=—1DA—4)+2=X -4\ - A+4+2
=\ —5\+6

Roots:

p(A) =X —=5A+6=0
— A =3
— Ay =2
—p(A) =(A=3)(A-2)

Eigenvalues of A are 3 and 2.

2 Linear equations

A system of simultaneous linear equations can be written in matrix notation.

a1 + 199 4+ ... ATy = b1

A21T1 + Q2279 + ... Aoy = b2

Ap1T1 + oo + ... QpnTn = by,
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3 Laplace transformation Notes from a student Modern Control (EN0311)

11 a2 ... QAip x by
a21 A292 ... Q92pn i) b2
ap1 Ap2 ... QA9p Tn bn
Or:
Az =b

e If b = 0 the equations are called homogeneous.
e If b # 0 the equations are called non-homogeneous/inhomogeneous.

o Cases:

1. b+ 0 and |A| # 0: One solution z = A~'b.

2. b =0 and |A| # 0: Trivial solution = = 0.

3. b# 0 and |A| = 0: No solution or infinitely many solutions.
4. b= 0 and |A| = 0: Infinitely many solutions.

3 Laplace transformation

3.1 Definition
G(s) = / T gt) - et = £ {g(t)) 1)

With s as a complex variable and g(¢) = 0 for ¢ < 0!

3.2 A few important properties

It

then
(with f(0) =initial condition) and

Finally,
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3 Laplace transformation Notes from a student Modern Control (EN0311)

if the initial conditions are zero. When we calculate the transfer function of a system we always
assume the initial conditions to be zero!
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3 Laplace transformation

Notes from a student

Modern Control (EN0311)

3.3 Table of important transforms

With n € IN and a € C. Furthermore, if not noted differently, Re(s)> 0.

g(t) with t > 0 | G(s)
) 1
1 (step function) -
s
d(t) (Dirac function) || 1
e ! fiir Re(s) > Re(a)
s—a
in n!
g(n+1)
- et o fir Re(s) > Re(a)
(S _ a)nJrl
w
(ot W
sin(wt) e
s
¢ _C
cos(wt) e
2
t - sin(wt) LZ
(82 +w?)
2 _ 2
t - cos(wt) 5—w2
(52 +w?)
kw? k-wy-e Pwot
— tv1—-D?) 0<D<1
s2 +2Dwp - 5 + w2 Ji—pz % (o ) 0<

2
kwg

s(s2 4+ 2Dwy - s + w?)

0<D<

k {1 — g~ Dwot (cos (wot\/l — Dz) +

1

% sin (wotm))]

2006,/2007
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4 State space Notes from a student Modern Control (EN0311)

4 State space

4.1 How to transform a nth order differential equation into a set of
first order differential equations

Consider the nth order differential equation (input-output relationship/description):

d"y(t) d"'y(t) d’y(t)  dy(t)
andT + an_lw + -+ a9 dt2 + aq dt + aoy(t) = bou(t) (2)
With: a,,a,_1,...,aq =constant (parameters)

— LTI-System (Linear Time Invariant)

Since the system is of order n, we need n states variables: z1,xs,...,x,
The question is: Wow to we define x1, xo,..., 2,7 We set:
z1(t) = y(t)
cy(t) .
ra(t) = PO ) = i, (0
By(t) .
ra(t) = PO i) = (0
dty(t) ..
ra(t) = T i) — iy 1)
dPy(t .
x5(t) = dt<5 ) = yW(t) = iy (1)
d"?y(t) :
Tn1(t) = i y2) (t) = Tn-9)()
dnfl t )
Tn(t) = dtngg ) D (t) = () (1)
So far we have:
y(t) = z1(t)
z1(t)
z1(t
(t) = 1)
T (t)

What we need is: @(t). Let’s have a look on (2), for the sake of simplicity/clearness (t) is left
out:
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4 State space Notes from a student Modern Control (EN0311)

a0 Y™ Ay y" Y e vay G tar g +ao y© = bou
Tn Tn=Tn—1 T3=T2 T2=T1 1

Now we can write for the highest derivation — y™ = &, (which is not a state):

gy = B0y By B2y Gt oy bo
y"(t) any(t) any(t) any(t) P (t) + %U(t) (3)
Or:
) ay a3 (p—1 bo
n(t) = —a%(t) - awz(t) - a—n%(t) T zn(t) + a_n“(t) (4)
In Summary we have:
xl(t = .TQ(t)
Z’Q(t I3 t)
(L‘g(t = X4 t)
Tno1(t) = x,(t)
__ % . _ & . O 20
alt) = =21 (1) = a(t) = (1) L (1) + ()
y(t) = z1(t)

i A (A is of the companion form (german: Kardinalform).) z B
—N— - N —N— /_/r
i o 1 0 0 .. 0 )
i 0o 0 1 0 0 - 0
i o 0 0 1 0 - 0
= o o S u
0 0 0 0 1 ‘ 0
Tpn-1 agp aq as Ap—9 Ap—1 Tn—-1

. - - __Z — — 0
Tn a, a, a, a, a, Tn a
n

x

——

L1

c L2

—t— T3

y=(1 0 ... 0)| .

Tn-1
T
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4 State space Notes from a student Modern Control (EN0311)

4.2 Solution of a linear system

t(t) = Az(t) + Bu(t)

y(t) = Cx(t)
x € R";u € R valid mostly for single input systems

First of all note:

X(s) = (s — A)'z(0) + (sI — A)"'BU(s)

N S
-~

convolution

By taking the Laplace inverse of the above equation, we get:

z(t) = ez (0) + /t A=) Bu(r)dr (5)
With:

e =L {(sI — A"}

In more general term (for general initial conditions),

z(t) = A0z (t,) + /t A Bu(r)dr (6)

to

4.3 Transformation from state-space to transfer function

> (t) = Ax(t) + Bu(t)
y(t) = Cux(t)
x € R";u € R valid mostly for single input systems

By taking the Laplace transform of system () we get:
L{a(t)} = sX(s) —=(0)
With:

LAz (t)} Xi(s)
X(s)=L{z@t)} = [ L{z2O)} | = | Xa(s)
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Hence:

sX(s) —x(0) = AX(s) + BU(s) (7)
Y(s) =CX(s) (8
From (7), we have:
sX(s) — AX(s) =x(0) + BU(s)
(sI — A)X(s) =x(0) + BU(s)

X (s) = (sI — A)Y(x(0) + BU(s))
From (8), we have:
Y(s) = CX(s) = O(sI — A)'2(0) + C(sI — A)"'BU(s) 9)
When we calculate a transfer function we always assume 2(0) = 0. Hence,
Y(s) =C(sI — A)"'BU(s)
That is:

_ Y(s) output .
H(s) = U(s) ~ mput C(sI—A)™B (10)

Reminder: U(s) is not a matrix because u € R (single input system).

5 From the input-output relationship to the transfer func-
tion

Let

Y(s) = L{y(t)}
and

U(s) = LA{u(t)}.

Then taking the Laplace transform of the input-output relationship (2) given above, we have:

n8"Y (8) + 18" Y (8) + - + aa5?Y (s) + a1sY (s) + agY (s) = boU ()
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5 1O to transfer function Notes from a student Modern Control (EN0311)

Or:
Y (s)ans" + -+ 4 ao) = boU(s)

Therefore:
Y ( S) bo

U(s)  aps™+a, 18" 1+ 4+ as® + a18 + ag

2006,/2007
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